Abstract: The time-fractional convection-diffusion equation is performed by Lie symmetry analysis method which involves the Riemann-Liouville time-fractional derivative of the order α ∈ (0, 2). In eight cases, the symmetries are obtained and similarity reductions of the equation are deduced by means of symmetry. It is shown that the fractional equation can be reduced into fractional ordinary differential equations. Some group invariant solutions in explicit form are obtained in some cases.
Introduction
It is well known that Lie symmetry theory plays a significant role in the analysis of differential equations [1] [2] [3] [4] [5] . The basic idea of this method is that the infinitesimal transformation leaves the set of solution manifold of the considered differential equation invariant. This efficient method invented by Sophus Lie is a highly algorithmic process, and it often involves lengthy symbolic computation. The method systematically unifies and extends well-known techniques to construct explicit solutions for differential equations, especially for nonlinear differential equations. In recent years this method has a successful extension to discrete systems exhibiting solitons governed by nonlinear partial differential-difference equations and pure difference equations [6] [7] [8] .
Recently the study of fractional differential equations(FDEs), as generalizations of classical integer order differential equations, has attracted much attention due to an exact description of nonlinear phenomena in fluid mechanics, viscoelasticity, biology, physics, engineering and other areas of science [9] [10] [11] [12] . However, unlike the classical integer order derivatives, there exists a number of different definitions of fractional order derivatives and corresponding FDEs. These definition differences lead to the FDEs having similar form but significantly different properties. It means that there exists no well-defined method to analyze them systematically. As a consequence, several different analytical methods such as differential transform method [13] , Adomian decomposition method [14, 15] , invariant subspace method [16] , Green function approach [17] and symmetry analysis [18] [19] [20] [21] [22] [23] [24] [25] [26] have been formulated to reduce and solve FDEs.
In this article, we consider the following time-fractional convection-diffusion equation
where
∂t α is the Riemann-Liouville fractional derivative of order α with respect to the variable t. The definition of this derivative is
here n ∈ N , ∂ n ∂t n is the usual partial derivative of integer order n with respect to t.
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The nonlinear time-fractional convection-diffusion equation is obtained from the following nonlinear convection-diffusion equation by replacing the time derivative by fractional derivative.
where u = u(t, x), u t = ∂u ∂t , u x = ∂u ∂x , D(u), P (u) are referred to the diffusivity and convective terms respectively. The nonlinear convection-diffusion equation arises in many areas of science and engineering such as being used to model the evolution of thermal waves in plasma [27] .
Our paper is organized as follows. In Section 2, we introduce Lie symmetry analysis for FDEs and deduce the infinitesimals of symmetries for time-fractional convection-diffusion equation (1) by considering the different conditions for D(u) and P (u). In Section 3, the similarity reductions for Eq.(1) are presented by Lie symmetries obtained in section 2. Some invariant solutions of Eq.(1) are given.
2 Symmetry analysis of Eq. (1) Next we use Lie symmetry analysis for Eq.(1). Let us assume that Eq. (1) is invariant under the following one parameter(ǫ) continuous transformations
where ξ, τ, η are infinitesimals and η x , η xx , η t α are extended infinitesimals of orders 1,2 and α respectively. The explicit expressions for η x , η xx are
where symbol D x stands the total derivative operator with respect to x,
Since the lower limit of the integral in Eq. (1) is fixed and, therefore it should be invariant with respect to the transformations(3). Such invariance condition arrives at
The αth extended infinitesimal related to Riemann-Liouville fractional time derivative reads
Here the symbol D t stands the total derivative operator with respect to t, i.e., 
, the above Eq. (5) can be written as
Furthermore, using the generalized chain rule for a compound function [28] 
along with the above generalized Leibnitz rule with f (t) = 1, the first term D α t η in η t α can be written as
For the invariance of Eq.(1) under transformations(3), we have
for any solution u = u(t, x) of Eq.(1). Expanding Eq.(6) about ǫ = 0, making use of infinitesimals and their extensions, equating the coefficients of ǫ, and neglecting the terms of higher power of ǫ, we obtain the following invariant equation of Eq.(1)
Here we assume that D(u) and P (u) are not equal to zero, otherwise Eq.(1) would be another equation that have been considered in [20] . Substituting the expressions for η t α ,η x and η xx into the above equation and equating various powers of derivatives of u to zero, we obtain an over determined system of linear equations. They are
In order to solve the above system, we consider the following different conditions for D(u), P (u) and obtain their corresponding Lie symmetries of Eq.(1). And if α = 1, Eq.(1) becomes partial differential equation which has been considered by Oron, Rosenau [29] and Edwards [30] . Therefore, α ∈ (0, 2) and α = 1 in our paper. Case 1 D(u) and P (u) arbitrary Solving the determining equations (8), we obtain the explicit form of infinitesimals
where a 1 is an arbitrary constant. Hence the infinitesimal generator is
Similarly, under this assumption the following infinitesimals are obtained,
where a 1 and a 2 are arbitrary constants. Hence in this case Eq.(1) admits a two-parameter group with infinitesimal generators
which are the basis of 2-dimensional Lie algebras admitted by Eq.(1). The other cases are listed in Table 1 .
where h(t, x) satisfies 
which have two invariants t, u. Thus, the similarity transformation is
Substitution of (11) into Eq.(1) leads to ϕ(t) satisfying the reduced fractional ordinary differential equation
Hence,the group invariant solutions of Eq. (1) are given by
where c 1 ,c 2 are arbitrary constants.
Solving the above equation, we get the similarity transformation
Substituting transformation (13) into Eq.(1) leads to
Because α ∈ (0, 2) and α = 1, according to the definition of the Riemann-Liouville fractional derivative, we should consider 0 < α < 1 and 1 < α < 2 separately. When 0 < α < 1, for the similarity transformation (13) becomes
Let θ = t s , then Eq. (15) can be written as
where P τ,α β
is Erdelyi-Kober fractional derivative operator and its definition is
, α = 0.
When 1 < α < 2, we can also obtain
by using the same method. Then Eq.(1) can be reduced into an ordinary differential equation of fractional order
As for other cases, Eq.(1) can also be reduced by the similarity transformations corresponding to other infinitesimal generators. The results are as follows. 
which is corresponding to the infinitesimal generator t
reduces Eq. (1) to the nonlinear ordinary differential equation of fractional order of the form
which is corresponding to the infinitesimal generator x
The similarity transformation u = e βx G(ζ) along with the similarity variable ζ = t reduces Eq.(1) to the nonlinear ordinary differential equation of fractional order of the form
which is corresponding to the infinitesimal generator e −βx (
. Because the solutions of Eq. (19) is
where c 3 ,c 4 are arbitrary constants, the group invariant solution of Eq. (1) is 
which is corresponding to the infinitesimal generator t The similarity transformation u = e x Q(ζ) along with the similarity variable ζ = t reduces Eq.(1) to the nonlinear ordinary differential equation of fractional order of the form
which is corresponding to the infinitesimal generator
the group invariant solution of Eq. (1) is
where E α,β (z) is the Mittag-Leffler function [11] . Case 8.D(u) = 1 and P (u) = βu γ (β = ±1, γ = 0) The similarity transformation u = t 
which is corresponding to the infinitesimal generator x 
Summary and discussion
In this paper, we illustrate the application of Lie symmetry analysis to study time-fractional convectiondiffusion equation. We consider the group classification of this equation for two variable functions. Eight cases are discussed. In every case Lie point symmetries are derived and similarity reductions of this equation are performed by means of non-trivial Lie point symmetry. In some cases, the time fractional convection-diffusion equation can be transformed into a nonlinear ODE of fractional order. In other cases, this equation can be reduced to a nonlinear ODE. Some invariant solutions are given in some cases. In addition, it is easily shown that the infinitesimal generator admitted by time-fractional convection-diffusion equation in each cases can form Lie algebra and the dimension of Lie algebra is decided by the number of parameters in transformations. It is necessary to remark that case 7 is different from other cases because in that case Lie algebra is infinite dimensional and in other cases Lie algebra is finite dimensional.
Lie symmetry analysis also can be used for other time-fractional differential equations. But there are little conclusions on the symmetry property for one kind of fractional equations. This is a possible direction for future work.
